Abstract. We develop a tri-component model for the biofilm and solvent mixture, in which the extracellular polymeric substance (EPS) network, bacteria and effective solvent consisting of the solvent, nutrient, drugs etc. are modeled explicitly. The tri-component mixture is assumed incompressible as a whole while inter-component mixing, dissipation, and conversion are allowed. A linear stability analysis is conducted on constant equilibria revealing up to two unstable modes corresponding to possible bacterial growth induced by the bacterial and EPS production and dependent upon the regime of the model parameters. A 1-D transient simulation is carried out to investigate the nonlinear dynamics of the EPS network, bacteria distribution, drug and nutrient distribution in a channel with and without shear. Finally, the transient biofilm dynamics are studied with respect to a host of diffusive properties of the drug and nutrient present in the biofilm.
Introduction.
Biofilms are common biological organisms existing in the damp environment. Biofilm forms when bacteria adhere to surfaces in the moist environment by excreting a slimy, glue-like substance called the extracellular polymeric substance (EPS). Sites for biofilm formation include all kinds of surfaces: natural materials above and below ground, metals, plastics, medical implant materials, even plant and body tissues. Wherever you find a combination of moisture, bacteria, nutrients and a surface, you are likely to find biofilms there.
Modeling biofilms has been a challenging task. A host of mathematical models have been proposed that yield qualitatively acceptable results in the past. These include low dimensional models primarily focused on steady states [22, 23, 21, 25, 26, 14] , discrete-continuum models coupled with automota [7, 1, 2, 27, 11, 20, 2, 19, 12, 16, 17, 18] , multi-fluid models [16, 17, 18, 8, 9, 6, 15] , and our own binary phase field model [28, 29] . For a detailed account of the mathematical models for the biofilm, please refer to our recent review article on the very subject [24] . Among all the models developed so far, very few have separated the EPS network from the bacterial population in highly heterogeneous biofilm regions. However, the microscopic imaging of biofilms shows clearly the distribution of bacteria and EPS networks in a highly heterogeneous microscopical structure. It hence suggests strongly that these two species need to be modeled explicitly in any refined biofilm models. In this paper, we propose a general framework for multi-component materials that can handle dynamical interaction among multiple species and their inter-conversion, dissipation and mixing. In this formulation, the entire material system is assumed incompressible. So, when the volume fraction of one species grows, one or more of the others must be effectively converted into the growing species.
We first recall the binary theory for biofilms developed by Zhang et al. [28] , based on which the current formulation is developed. Let φ n be the volume fraction of the effective polymer network solution consisting of the EPS network and the bacteria, φ s the one for the effective solvent consisting of the rest of the materials in the biofilm, v n the velocity of the effective polymer, v s the velocity of the effective solvent, c the concentration of the substrate, B the concentration of the bacteria, p the hydrostatic pressure. In this model, the nutrient substrate is passively treated as a part of the effective solvent and the bacteria are regarded as a solvent part of the effective polymer. This is a one-fluid two-component biofilm model consisting of following conservation equations. Momentum and continuity equation
where v = φ s v s + φ n v n is the volume-averaged velocity, ρ = φ n ρ n + φ s ρ s is the effective density for the mixture, ρ n and ρ s are the density for the effective polymer and solvent, respectively, τ n and τ s are the extra stress for the effective polymer and solvent, respectively, k B is the Boltzmann constant, T is the temperature, γ 1 is a parameter measures the strength of the conformation entropy. For the intermixing of the small molecule solvent with the larger molecule effective polymers, we adopt the extended Flory-Huggin's mixing free energy density defined by f = γ 1 2 kT ∇φ n 2 + γ 2 kT φ n N ln φ n + (1 − φ n ) ln(1 − φ n ) + χφ n (1 − φ n ) , (1.2) where γ 2 is the strength of the bulk mixing free energy proportional to the reciprocal of the volume of the solvent molecule, N is the nominal polymerization index for the polymer strand in the effective polymer network and χ is the mixing parameter [10] . We note that φ s + φ n = 1 (1.3) for the incompressible mixture.
Transport equation for nutrient substrates
There are two transport models for the nutrient depending on what the transport velocity is assumed. where c is the nutrient concentration and the nutrient consumption rate is given by where λ(φ n ) is the mobility parameter and the polymer production rate is given by
7)
µ is the maximum production rate, K c is the half-saturation constant. When λ is a constant, the equation is a Cahn-Hilliard equation; while λ is a function of φ n in the form λ = λ s φ n or λ = λ s φ n (1 − φ n ) with λ s a constant, it is a modified or singular Cahn-Hilliard equation with a mobility depending on the polymer volume fraction.
Constitutive equations
We assume the EPS network obeys a power-law for non-Newtonian fluids:
where η n and η s are the viscosity for polymer network and solvent, respectively. η s is a constant while η n is function of the velocity gradient. The solvent velocity is given by
We note that the biofilm is consisted of mainly water so that φ s = 0.
If we use the average velocity to transport the nutrient and the effective polymer, the rate of strain tensor and the vorticity tensor with respect to the average velocity are adopted:
The corresponding ones with respect to the effective polymer velocity are defined analogously
T n ]. These will be used in the situation where the transport is assumed to be carried out by the polymer velocity. A dumbbell model for the strand of the EPS network and a network theory has also been developed to account for the viscoelastic properties of the effective polymer solution [28] . We omit the details here. Interested readers please refer to [28] . We remark that the bacteria in this simple hydrodynamic model for biofilms is passively treated as a part of the effective polymer solution. Its transport equation, i.e., the transport equation for B, is slaved to the equation for the effective EPS and therefore neglected in the model. This binary model gives two basic growth mechanisms for the biofilm: nutrient fueled growth of the effective polymer and intermixing of the polymer and the solvent. It has been used in simulating biofilm-flow interaction recently [28, 29] . Considering the predominant role of bacteria in biofilms, we next extend this model to account for the dynamics of bacteria explicitly.
A ternary theory for biofilms.
We consider extensions of the binary model to a single fluid three-component model, named the ternary model, for biofilms. In this theory, we model the EPS and the bacterium as two separate components, respectively, while the nutrient, drugs or disinfectants, and solvent are still collectively modeled as an effective solvent. The diffusive effect of the nutrient and the drug is singled out and modeled explicitly in the solvent. In this model, we denote the volume fraction of the EPS polymer network strand by φ n , that of the bacteria by φ b and that of the solvent by φ s , respectively.
Transport equation for each component.
We treat the entire material system as an incompressible single fluid mixture consisting of three components: the EPS polymer network, the bacteria, and the effective solvent. We adopt a volume averaged velocity v = φ n v n + φ b v b + φ s v s to describe the macroscopic transport of the mixture. We then modify the transport of the volume fraction for φ n , φ b and φ s by accounting the average velocity and an additional velocity for each component, due to the mixing free energy, called the excessive velocity for that component:
where g nb is the reaction rate for the creation of the strand in the EPS polymer network due to the presence of bacteria, g sb is the reaction rate for the bacteria due to the substrate materials (including nutrient and drug) as well as bacteria reproduction, and g s is the reaction rate for the decrease of the substrate materials in the effective solvent. The coefficient matrix (α ij ) represents various mobility coefficients [3] .
Note that the volume fractions add up to 1:
for incompressible mixtures. This along with the Onsager reciprocal principle requires
and
Then, we deduce that
From (2.3), the off-diagonal mobility coefficients can be obtained from the diagonal coefficients,
Hence, for any given incompressible multicomponent fluid system, we only need to specify the principal mobility coefficients along the diagonal of the matrix (α ij ). As a result, the system for the volume fractions is a system of modified or singular Cahn-Hilliard equations [4, 5] with reaction terms
From the system of equations for the volume fractions, we can identify the velocity for each individual effective component by accounting for the excessive velocity. For instance, we identify the solvent velocity as
Analogously, we can identify the velocity of the EPS and bacteria respectively as
(2.9)
It then follows that
So, the bulk velocity is indeed a volume averaged velocity. Acknowledging that the contribution to the velocity of a species vanishes when the species does not exist, we approximate the mobility coefficients as follows in the paper
where λ 1,2,3 are three constants. From (2.11), if we assume λ 1 = λ 2 = λ 3 = λ, we arrive at
This choice of the coefficients in the mobility matrix yields zero flux for a component when its volume fraction is zero. The velocity for each individual component is then given respectively by
(2.13)
The second term on the right hand side of each velocity is the excessive velocity for that effective component, which is present completely due to mixing.
Reactive kinetics of each component in the biofilm.
We denote the concentration of bacteria, the drug, and the nutrient as B, d, and c, respectively. To derive the transport equation for the volume fractions, we need to sort out the relation among the unknowns φ n , φ b , φ s , B, d, c using reactive dynamics. We note that the bacterial volume fraction φ b is proportional to the concentration of the bacteria,
where s is a specific volume of the bacterium. Note that the polymer is the product of the bacteria and maybe the nutrient. So, its growth rate should be exclusively proportional to B and maybe the nutrient concentration c, i.e., when either B or c is zero, the growth of the EPS should cease. We also assume the EPS network may decay under the influence of the drug and the depletion of the nutrient, i.e., the decay rate due to the drug treatment should be proportional to the drug concentration, which either changes the material property of the EPS polymer to shrink its volume or simply dissolves the polymer into the solvent. Thus, the kinetics for the EPS network strand is given by
where µ 0 and C 1 measures the growth rate and decay rate of the EPS strand with respect to the bacterial concentration and the EPS, respectively, K c and K 1 are constants in the Michaelis-Menton kinetics used in the reactive terms. The bacterial growth depends on the nutrient and the drug. The kinetics is governed by 16) where K 2,3 are half saturation constants, C 2 is a growth rate for bacteria, C 3 is a decay rate for bacteria due to drugs, and C B is a decay parameter for bacteria in the logistic kinetics. Multiplying (2.16) by s, we arrive at
The nutrient decay rate is proportional to the bacterial consumption, 18) where K 4 is a saturation constant and C 4 parametrizes the decay rate of the nutrient. The drug concentration depends on the bacterial concentration as well as the EPS polymer concentration. It is consumed by bacteria and diluted by the EPS polymer via chemical reactions. Both the presence of bacteria and the EPS reduces the concentration of the drug.
where d 0 is a half saturation concentration, C 5 is the decay rate of the drug due to the bacteria-drug interaction while C 6 is that due to the EPS-drug interaction.
Owing to the incompressibility (φ n + φ b + φ s = 1),
It suffices to assume that the dead bacteria and dissolved EPS polymers are converted into effective solvent in this model!
Mixing kinetics.
Since the molecular weight of bacteria is normally two orders of magnitudes larger than that of the solvent molecules, we treat it as an effective polymer whose collective behavior is viscous. We use the Flory-Huggin's mixing theory to model the mixing phenomena among the EPS, bacteria and the effective solvent. We denote the mixing free energy density by f ,
where γ 11,12,13 and γ 2 measure the strength of the distortional and bulk mixing free energy, respectively, N p and N b denote the polymerization index of the EPS and bacteria, respectively, χ bn,sb,sn are the mixing parameters for the EPS and bacteria, bacteria and solvent, and solvent and EPS, respectively. We remark that we use the simplest distortional conformational energy in this mixing free energy density for simplicity. Another choice for the distortional conformational energy can be
In this paper, we stick to the free energy density given in (2.21).
The variation of the free energy density with respect to each volume fraction is given respectively by
(2.23) 2.4. Constitutive equations. We use the volume fraction of the eps and bacteria as the primary unknowns. The volume fraction of the solvent is therefore calculated from the incompressibility constraint. The mixing free energy in terms of the two unknowns is given by
24)
The variation of the free energy is given by
Notice that
We denote the free energy associated with the mixing by
Its variation is given by
which implies
wheref consists of the bulk terms and their first integrals in the mixing free energy.
The first part can be identified as a part of the stress due to the inhomogeneity of the volume fraction and the second part can be combined with the pressure. So, the elastic stress tensor due to mixing dynamics is given by
We consider two models. In the first model, we assume the transport in the mixture is carried out by the velocity gradient of the average velocity. For the solvent, we assume it is viscous with the stress given by
where η s is the solvent viscosity. The bacteria is assumed extended Newtonian
where η b is a rate-of-strain dependent viscosity. The EPS polymer network strand is assumed viscoelastic obeying the Johnson-Segalman equation 
where D s , D b , D n are the rate of strain tensors calculated using the respective velocity field v s , v b , v n , W n is the vorticity tensor calculated from v n and d dt = ∂ ∂t +v n ·∇ is the material derivative for the EPS strand. We refer to this constitutive model the VN model.
Transport of the nutrient and drugs.
The transport of the nutrient is carried out by the solvent velocity v s :
where D s is the diffusion coefficient for the nutrient. Analogously, the drug is assumed to be transported by the solvent velocity as well
where D d is the diffusion coefficient for the drug.
2.6. Summary of the governing system of equations. In summary, the governing system of equations for the biofilm-solvent mixture consists of the following equations.
(2.38)
The velocity for each component is given respectively by
(2.39)
The transport equation for the nutrient and drug concentration are given respectively by
The continuity equation and the momentum equation for the mixture are given respectively by
where ρ = φ s ρ s + φ b ρ b + φ n ρ n is the density of the mixture. The stress constitutive equations are given by eq. (2.34) or (2.35). We remark that the elastic stress constitutive equation is valid only within the domain where φ n = 0. Hence, it is zero in the pure solvent region.
Nondimensionalization.
We use a characteristic time scale t 0 , a characteristic length scale h, a characteristic nutrient concentration c 0 and drug concentration d 0 to nondimensionalize the variables
where f 0 is a characteristic force scale. The following dimensionless parameters arise
whereρ 0 is an average density, Re s , Re b and Re p are the Reynolds number for the solvent, the bacterium and the EPS, respectively, Λ 1 is the Deborah number for the EPS.
For simplicity,we drop the˜on the dimensionless variables and the parameters. The system of governing equations in these dimensionless variables are given by
where ρ = φ s ρ s + φ b ρ b + φ n ρ n . The constitutive equations for the VN model are given by
Res D s .
The mixing free energy density is now given by
The no-flux boundary conditions are derived from the transport equation for the volume fractions
where n is the unit external normal of the boundary. In addition, we impose
Along most part of the boundary,
However, if we inject the drug along a certain part of the boundary, we impose the Dirichlet boundary condition along that part of the boundary
Analogously, if the nutrient is fed along a certain part of the boundary, we impose
along that part of the boundary. We denote the bulk free energy density aŝ
In practice, we regularize the bulk free energy by the following in the case of φ n = 0 and/or φ b = 0:
where ∆φ n and ∆φ b are two small positive quantities. Note that we don't need to regularize φ s since we always assume φ s > 0 in the biofilm mixture. It is worth noting here that our choice of characteristic timescale t 0 depends upon the physical phenomenon that we are interested in modeling, and has serious repercussions on the numerical stability of the scheme used to solve the equation. In fact, we could identify fast, slow, and intermediate timescales in the problem and propose some simplifications that arise in the case of very fast or very slow timescales.
Below, in figure 1 , we plot the contour of the bulk mixing free energy function in the space of φ n and φ b for several choices of the model parameters. Since φ s = 1 − φ b − φ n , we only show it for φ b + φ n ≤ 1. The most pertinent feature shown in figure 1 is the valleys and wells, or local minima of the bulk energy function, and the dependence of the locations and depths of these minima with respect to the parameters. Notice that it is possible to have a local minimum, or even two local minima of the bulk mixing energy depending upon choices of mixing parameters and polymerization indices.
The emergence of the peaks and valleys depends non-trivially on the choice of model parameters. Our observations confirm that, for fixed polymerization indices, picking the mixing variable χ bn to be zero will give rise to a single well potential. As this parameter is increased, the single well will gradually spread out, forming two wells that tend to move toward the φ n and φ b axes. This makes sense from a physical perspective, because the χ ij terms are tied to the difference between the external enthalpy changes and the average of the internal entropy changes (i.e. expense of mixing between the two phases versus internal mixing). When χ bn is zero, then the bulk mixing energy is minimized when φ n and φ b are equal because it is more expensive to interact internally. Likewise, when χ bn is increased, it is cheaper to interact internally, and so the bulk mixing energy will be minimized by decreasing either phase and increasing the other.
The other mixing parameters also affect the surface, skewing the locations and depth of the wells to one side or another. For instance, if χ sn is smaller than χ sb , the well nearest the φ b axis will grow, and that nearest the φ n axis will shrink. This means that the magnitude of the mixing energy associated with φ b is larger, which makes sense since the mixing coefficient of the EPS network is lower. Likewise, if χ sb is smaller than χ sn , then the opposite effect occurs. If we choose χ sb = χ sn , then the two wells are equally present. All of these results are illustrated in Figure 1 . In Figure 1 , the parameters aren't necessarily picked to reflect realistic parameters for biofilms, so in Figure 2 , we plot a range of parameters that will be used for our biofilm model.
As demonstrated by Zhang et. al. [28] , the surface of the bulk free energy determines the behavior of the solution, including the linear stability. In their case, the concavity of the bulk free energy function (viewed as a function of φ n ) determined the behavior of the solution near steady state solutions. In this case, there are two phase variables, the natural extension is to analyze the eigenvalues of the Hessian matrix of the free energy to infer concavity. In particular, we care about the signs of the eigenvalues of the Hessian matrix. This eigenanalysis is consistent with the linear perturbation analysis for identifying stable and unstable long wave regimes (which will be formalized in a later section), with the negative eigenvalues corresponding to stable modes, and positive eigenvalues corresponding to unstable modes of the perturbation solution. Three of the regimes are shown in Figure 3 .
It should be noted here that the values used to generate the graphs above are not necessarily specific to a biofilm model, but were chosen to show the types of behavior that can be exhibited from a general multi-fluid mixture. We will examine this behavior in the neighborhood of reasonable biofilm model parameters later.
Growth mechanisms of biofilms near constant steady-states.
The system of equations admits two families of constant solutions:
where 0 ≤ φ 0 n , φ 0 b ≤ 1 are arbitrary constants satisfying the constraint (2.2) and v 0 is an arbitrary constant vector. In the following, we investigate the linear stability of the constant steady states. Without loss of generality, we set v 0 = 0 in the following analysis. Note that the linearized equations for the volume fractions decouple from the rest of the governing system of equations. We thus study the linear stability of this set of equations separately from the rest of the equations.
Linearized stability for equilibrium 1.
We first consider the linearized system corresponding to the constant steady state(s) φ 0 n and φ 0 b with c = 0 and d = 0, which we call equilibrium 1. The decoupled linearized system for the volume fractions is given by:
where F and G are the right hand sides of equations (3.3-1) and (3.3-2) respectively, with φ s replaced by 1 − (φ n + φ b ). We define,
with a similar matrix for the coupled stress/velocity equations and the nutrient/drug equations which will be explored shortly. The linearized eigenfunctions associated with the phase variables and the nutrient and drug concentration (φ and c, d) is cos(βy), while that associated with the velocity components is sin(βy), where β = mπ, m = 1, ..., ∞. For an eigenfunction solution of this form, the components of A are,
With the coefficients, one can easily compute the linearized growth rates,
Interestingly, if we consider the case φ n = φ 
6) which recovers the binary growth rates for the modified Cahn-Hilliard model obtained in [28] .
In the regime of short wave lengths |β| >> 1, the rates σ 1,2 are negative. However, they may be positive in the regime of long waves (|β| << 1). In the long wave regime, the growth rates are given asymptotically by
where
(4.8)
Here µ = χ sn + χ sb − χ bn . There are three scenarios for the growth rates.
• If T r(R) < 0 and Det(R) > 0, there are two positive growth rates.
• If Det(R) < 0, there is one positive growth rate in the long wave regime.
• If T r(R) > 0 an dDet(R) > 0, there is no positive growth rate.
In Figure 4 , we plot the growth rates as functions of the wave number for each of the three scenarios. Note that the three possibilities discussed above correspond precisely to the earlier eigenanalysis of the Hessian matrix for the bulk free energy. Thus, there is a precise relationship between the curvature of the mixing free energy surface and the long wave stability of the steady state solution.
One of the pertinent features of the growth rates plotted above in Figure 4 is the emergence of unstable long wave numbers. As demonstrated, these unstable wave numbers can occur in both, one of, or neither of the eigenvalues, and thus a more detailed algebraic study of this phenomenon is warranted. Since all modes are stable at short wave regimes, we will refer to the transition from an unstable to a stable eigenmode in either wave number space or parameter space as the "cutoff parameter(s)" and will also try to find the maximum unstable wave number for either of the growth rates. Despite the desirability of a simple solution to the cut off parameter, the complexity of the structure of the various coefficients in the matrix A has yielded solutions only by using CAS, namely Maple.
The solution for the cutoff parameter emits at most four non-zero solutions that are two sets of paired solutions (one solution for the cutoff parameter of each eigenvalue), and at least two trivial solutions. We note that unstable wavenumbers exist if and only if the above equation has positive solutions in parameter space, otherwise the system is universally stable for the constant solutions discussed above. The solution for the cutoff parameter is calculated using a CAS, and the exact form is suppressed here for readability.
We can plot the cutoff wavenumber i.e. the transition from a stable to an unstable wave number as a function of any of the parameters in the problem. Figure 5 plots the cutoff wave number as a function of the mixing variables. For fixed Γ 11 = Γ 12 = Γ 13 we can give the cutoff wave number as a function of the ratio of Γ 2 to Γ 11 β cutoff = {g 1 / Γ 11 /Γ 2 , g 2 / Γ 11 /Γ 2 }, where g 1 and g 2 are constants dependent on the model parameters, and is illustrated in Figure 5 . The figures below are labeled to indicate wave numbers that are stable in both eigenvalues, unstable in a single eigenvalue, and unstable in both eigenvalues.
Again, it is worth noting that the values chosen above aren't necessarily specific to any biofilm model, but are chosen to demonstrate the emergence of the different categories of long wave instability present in this model. In fact, for values that we believe to be reasonable for biofilms (see table 1), the predominant behavior is of the second type of linearized solution, i.e. exactly one unstable eigenmode.
Viscous limit.
The time scale for the EPS relaxation and the one for the biofilm overall growth are far apart. The former is normally in seconds and the latter in perhaps hours. When we are interested in the phenomenon in the biofilm growth time scale, the Deborah number (Λ 1 ) is normally very small. When Λ 1 1, the elastic stress constitutive equation reduces to the viscous limit. In this limit, the rest of the growth rates for the linearized system are given by:
where σ 3 and σ 4 give the growth rate for the nutrient and drug concentration, respectively, and σ 5 and σ 6 give the growth rates for the non-zero velocity components v x and v z (in the viscous limit). Note the minus signs on the growth rates for the drug, nutrient, and velocity terms are all negative, indicating pure decay of these components.
Viscoelastic Growth rates.
When the time scale in the phenomenon we are interested in is comparable to the EPS relaxation time, the system is in the viscoelastic regime. In this regime, the biofilm growth is negligible. Here, we continue our systematic approach by considering the VA model with a nonlinear constitutive equation for the elastic stress τ n . In this case, the velocity and the stress are coupled in two velocity components and two stress components in the linearized equation. These are v x , v z , τ xy , and τ xz . Again, we consider the matrix form of the linearized system and find the linearized growth rates for the coupled system, which are given as the eigenvalues of the matrix:
12) The growth rates have two repeated eigenvalues given by
).
(4.13)
All growth rates here are always negative, indicating linear decay of the modes. The uncoupled modes of the linearized stress tensor are decay rates given by
The index for the growth rates starts at i = 5. We remark that the VN-model growth rates for the coupled velocity/stress terms are the same as those just derived.
Linear stability analysis for equilibrium 2.
For the second family of steady state solutions with a non-zero nutrient and drug concentration c = c 0 , and d = d 0 the matrix A for the linearized system becomes:
with the various m ij s given by the partial derivatives of g sb and g nb with respect to φ b and φ n , respectively,
Notice that only the diagonal entries of A, m 11 and m 22 , contribute to the growth of φ n and φ b at the equilibrium φ 0 n = φ 0 b = 0, and so the growth of the biofilm is given as:
K3+d .
(4.16)
Here, σ 1 is the growth rate of the EPS network and σ 2 is the growth rate of the bacteria population. Note that the EPS network is decaying, while the growth rate of the bacteria depends on the amount of nutrient versus the amount of drug present. The linearized growth rates for the evolution of the concentrations c and d are:
which indicate pure decay for both the nutrient and drug concentrations. The only possible growth comes from the bacterial growth for this steady state solution. The linearized growth rates for the constant velocity terms v x and v z in the viscous limit are given by:
The growth rates for the elastic stress components are identical to the case of equilibrium 1 evaluated at equilibrium φ 0 n = φ 0 b = 0. In the above analysis, the velocity term v is the average of the velocity components, which is the VA model. Of course, this analysis can be performed for the other model. In the VN model, the velocity and stress still are coupled with the phase variables, in which the velocity components v n , v b and v s , are given as the vector v minus excessive velocity terms. The linearization about equilibrium 2 gives a large block diagonal system where the blocks along the center contain the same eigenvalues (and thus, growth rates) for the velocity components as the VA model. The only difference between the two models, in the linearized limit, is the appearance of isolated off diagonal entries which don't affect the growth rates, but do affect the eigenvectors associated with these growth rates.
Transient 1-D solutions.
We present numerical solutions for transient states of the ternary biofilm model. In this section, we will investigate the growth of a biofilm in 1-D: y ∈ I = [0, 1], governed by the equations given above. We consider a 1-D initial-boundary value problem with prescribed initial states:
and boundary conditions given by (3.7-3.10). We feed in the nutrient and drug concentration at the upper boundary:
which allows the possibility of adding the drug/disinfectant in doses in time. We assume the velocity at y = 0 is v = 0 and v(y = 1) = (v 0 , 0, 0), where v 0 is a shear speed. From the continuity equation, we have v y = 0. Therefore, v = (v x (y, t), 0, v z (y, t)) for the biofilm homogeneous in (x, z) direction.
Numerical schemes.
The numerical scheme used to study the dynamics of biofilm growth will be a finite difference scheme. We use uniform spatial and time step sizes denoted by ∆y and ∆t respectively. For the solutions at a time step n − 1 and n, the polymer volume fraction at time step n + 1 governed by the Cahn-Hillard equation is calculated by:
where the semi-implicit and explicit terms are split (the nonlinear terms, including the natural log terms from the free energy and from the growth rate, are extrapolated). For readability, we've introduced symbols corresponding to the explicit and semi-implicit/extrapolated pieces: 
where the φ n+1 s is computed by updating the phase field equations using the above scheme prior to updating the concentration of nutrient substrates. An analogous scheme is used for computing the dynamics of the drug/disenfectant.
The update scheme for the nonzero velocity component v x is given by the semi implicit θ method as well: Res ), recalling that φ s = 1 − φ n − φ b . Note that the boundary conditions for the velocity are explicit at y = 0, 1. The scheme for v z is analogous. All the second order dissipative terms are discretized using central differences leading to overall second order accuracy in space.
For the elastic stress equations, all six components of the elastic stress tensor satisfy a generic equation of the form:
For the interior of the numerical domain, we update the elastic stress tensor using an upwind scheme: n ) is given by the right hand side of the elastic stress tensor equations [28] . At the boundaries, v e y = 0, and there are no boundary conditions for the elastic stress tensor, meaning τ satisfies an ODE ∂τ ∂t = F (τ, v) at y = 0, 1. At the discrete time steps, we update τ at the boundaries by employing the following Runge-Kutta method.
where,
(5.10)
The time stepping in this scheme for the elastic stress is confined by the sizes of the convective coefficients.
Numerical results and discussions.
Before taking a look at several numerical results, it is necessary to examine the way the various parameters affect the evolution of biofilm mixing and biofilm growth.
Model parameters and their effects.
First, we examine the mobility Λ and the mixing parameters to chronicle their effects on biofilm dynamics and, in particular, the mixing between the various phases. The parameter Λ is the dominating parameter in the dissipation of the various phases in the biofilm mixture, and controls the magnitude of dissipation. In the studies where the inert biofilm is presumed to be slowly growing, we suggest Λ ∼ 10 −10 , whereas if a rapid growing biofilm is modeled (one breaking up or spreading out over a region), we suggest a larger value of Λ ∼ 10 −8 . Typical parameter values used for the simulations are given in the table below. Figure 6 contains several figures which illustrate the effects of the key model parameters controlling the transient behavior. In Figure 6 a-b, Λ is increased from Λ ∼ 10 −10 to Λ ∼ 10 −8 , demonstrating that higher mobility values allow for more horizontal spreading of the biofilm, while the local concentrations of bacteria and EPS are reduced (in this example, there is no nutrient and therefore no net growth of the bacteria or EPS network in the entire biofilm system).
The mixing parameters (i.e. the χ ij 's) are associated with the overall mixing energies of the various phases. These mixing terms affect the smearing of interfaces and the sorts of structures that develop in the interfacial region between phases. Essentially, when the mixing parameters are small and positive, a larger value of a mixing parameter invites slightly more "smearing" of the interface between two Table 1 . Parameter values used in simulations (unless otherwise specified). Here we have adjusted the growth rates µ 0 , C 4 , C 5 , and C 31 by dividing by the bacterial volume-fraction constant s.
phases than a smaller value since χ > 0 promotes mixing while χ < 0 promotes demixing in the mixture system. However, this trend reverses when the mixing parameter is positive and relatively large. But, the effect of these mixing parameters is normally small. Note that we generally pick χ bn to be small (near zero or zero) since the bacteria generally remain fixed within the EPS network (i.e. there are no additional mixing dynamics between the EPS and the Bacterial state other than dissipation). These effects are illustrated in Figure 6c -d. Note in Figure 6c , where a high value of moderate χ sn results in a more dramatic interface; whereas in Figure  6 d, where a higher value of small χ sn results in a less dramatic interface, indicating a larger transition/mixing layer between the EPS and the substrate.
The polymerization indices control the magnitude of the entropic energy for that phase. When the polymerization index is small in a species, the phase of the species tends to spread faster and wider. For instance, in Figure 6c and d where the polymerization index is set lower for the bacteria (N p = 1000, N b = 100), the bacteria can penetrate into the solvent further than the EPS network can conversely. When the value of the polymerization index for the bacteria and the EPS is switched, the bacteria will remain surrounded by the EPS as shown in Figure 7 .
Another important parameter in controlling the overall dynamics of the system is the diffusion coefficients for both the nutrient and drug concentrations in the substrate. The timescale associated with the diffusion of the nutrient or drug compared to the timescale on which either is consumed (and thus metabolized) is a key factor determining the dynamics. For example, if diffusion of the nutrients occurs very slowly, while the consumption of the nutrient occurs very rapidly, then the nutrient will not be replaced by diffusion in regions where it is consumed quickly enough to avoid dropping very low. In this scenario, the nutrient would become locally exhausted, stagnating the growth of the biofilm. An alternate scenario, where the drug diffuses quickly, but is consumed relatively slowly, would mean that the drug doesn't get locally exhausted and, thus, given ample supply could sufficiently hinder biofilm growth. Figure 8a -d illustrate the basic features of the dynamics of biofilm growth. When the biofilm is localized (i.e. in Figure 8a and 8b where Λ is Λ ∼ 10 −10 ), the nutrients are consumed faster than they can be replaced via diffusion. This leads to the spike of growth near the sharp interfacial region between the EPS/Bacteria and the solvent. When the mobility is set higher (Figure  8c -d, Λ ∼ 10 −8 , the biofilm doesn't stay localized, and doesn't locally consume all of the nutrients due to enhanced mixing between the solvent and the rest of the biofilm components. In this scenario, the biofilm grows farther into the solvent, and experiences more evenly distributed growth.
Mixing dynamics in quiescent states.
We wish to illustrate basic properties of the dynamics of this three phase mixture. First, consider the case that a bacterial colony has begun to grow in a location, but has not yet formed a biofilm. In this case, nutrients will be fed from the top boundary at y = 1 at a constant rate of c| y=1 = c * . Figure 9 below shows the initial profile of the bacteria and biofilm volume fraction as well as the profile at t=100. Also, the drug and nutrient concentrations are tracked.
Notice in figure 9 that the bacteria colony has grown in the presence of nutrients, and has also begun to form a biofilm around the bacterial colony signified by the presence of EPS around the bacteria. If time is allowed to progress, and the bacterial colony can grow uninhibited, the biofilm will engulf the entire domain eventually. In this case, the average velocity is zero. However, the velocity for each component is not and their values are depicted in the figure. We note that the velocity for the bacteria is the slowest due to his heavily viscous property. When EPS grows in the biofilm region, the effective solvent is squeezed out of the region which is evidenced by the positive excessive solvent velocity to the right.
We now track the development of a bacterial colony in the presence of a disinfectant or drug which can kill off the bacteria. Here, the disinfectant has two properties. First, it kills the bacteria at a rate proportional to the level of drug in a nonlinear fashion (the Michaelis-Menton kinetics). Secondly, chemicals in the drug cause the polymer network to break down (also in the form of the MichaelisMenton kinetics). Either of these two effects can be tuned to simulate a variety of drug therapies, including antibiotics which affect only the bacterial phase, or a disinfectant solution which simultaneously breaks down the biofilm network and sterilizes the surface (kills the bacteria). There are a wide variety of choices for how to administer the drug/disinfectant. Here , the drug is administered in large doses every t = t dose units of time until t = 100. The boundary condition for this is set by a piecewise periodic function and the first dose is given at t = 0. The boundary condition for the drug is a Dirichlet condition, namely,
where d dose is the total size of the dose and t dose is the length of time the dose is given over. Usually, the value of t dose is small. When drug is administered, the population of the bacterial colony is significantly smaller than it was initially shown in Figure  9 , and the biofilm growth has been slowed greatly. The nutrient concentration in the biofilm shows a slightly nonlinear behavior while outside the biofilm is a simple nearly steady linear profile. The drug concentration is essentially a steady linear profile in this case. It could be altered significantly in other situations as we will show below.
Drug or disinfectant can impose a significant effect to the growth of the EPS and in particular the bacterial population. The effect is inhomogeneous in the biofilm colony normally. Figure 10 depicts the volume fraction of the EPS and the bacteria at time t=0 and 100, respectively, and also the time-dependent values of the two volume fractions at three selected locations, deep inside the biofilm (y=0), half way in the middle (y=0.09), and at the interface (y= 0.18). The competition between the killing off of the bacteria reproduction and EPS growth is contrasted. The effect is most significant at the interface, where the availability of the nutrient makes the growth of the bacteria and EPS production possible during the time period when the drug is not administered leading to a declining seesaw pattern in the time dependent volume fraction profile.
A variety of initial profiles can be modeled, for example biofilm layers could form with a fluid interface between the two. In this case, the bacterial layer closest to the source of the nutrient will grow fastest, but will also be more susceptible to drugs/disinfectants introduced at the upper interface. A simulation of these effects is shown in Figure 11 . This gives a gleams of what could happens within a heterogeneous biofilm when nutrient and drugs are diffused.
Sheared Biofilms.
In the previous numerical study, we examined the growth and decay of biofilm under the influence of drug/nutrient concentration with the assumption that the average velocity is zero. This assumption is valid in the case where no external shear is applied. For sheared biofilms, we now consider the effect of the velocity coupled to stress and other hydrodynamic variables in several initial boundary value problems.
We consider a 1-D model of a growing biofilm under the influence of a simple shear, i.e., v x (t, H) = v 0 and v x (t, 0) = 0. To consider the sheared biofilm, one must first analyze the time scales involved in the shear flow relative to various other time scales. For viscoelastic EPS network, a reasonable relaxation time for the polymer strand may be λ 1 = 0.1 ∼ 10 seconds. Indeed, if we choose such a relaxation time, then the Deborah Number defined by Λ 1 = λ 1 /t 0 , for the case where t 0 = 1000 seconds (a reasonable timescale for biofilm growth), is unreasonably small. If we couple this with the observation that on this timescale the Reynolds number Re p is very small and Re p Λ 1 1, equation 3.4 can be treated via an asymptotic expansion about this small parameter, and the resulting lowest order dynamics are purely viscous. Physically, this means that picking such a long timescale relative to a short relaxation time, doesn't allow us to see any of the viscoelastic dynamics, and that the dominant dynamics are purely viscous.
In order to observe viscoelastic dynamics, we make our choice of characteristic timescale for a more reasonable Deborah number i.e. t 0 = 1 seconds. We note that, on this timescale, the dissipation of the biofilm due to mixing as well as the biofilm growth will be very small. The dominating dynamics are molecular response to the imposed shear and slight internal mixing. In this case, we consider sudden onset of shear after a biofilm has already grown or evolved for a significant period of time. The result of this simulation is given in Figure 12 . Note that the velocity of each component of the fluid is tracked (VN Model) and the stress terms are those associated with their corresponding velocity term, and only the elastic contribution to the stress tensor is plotted. The elastic shear stress along with the normal stress components build up in the interior of the biofilm. The shear stress decreases drastically at the biofilm-solvent interface while the normal stress difference undergoes a drastic increases at the interface. The velocity converges to a linear profile outside the biofilm and a nearly linear profile within the biofilm with a sharp transition at the interface.
Next, we consider the case of a purely viscous biofilm, equivalent to picking a much longer experimental timescale than that associated with the EPS relaxation time. In this regime, the polymer network relaxation time is so small relative to t 0 that we neglect it so that the stress constitutive equation degenerates into τ e =
2
Rep D (VA model) or τ e =
Rep D n (VN model). Then, the biofilm behaves according to the dynamics of a multi-component viscous fluid. The primary difference between this limit and the viscoelastic fluid is in the stress, namely differences in the shear stress (which is a purely viscous stress in this limit), and the disappearance of the normal stress terms. Figure 13 shows a simulation of a relatively large shear in the viscous regime. In contrast to the elastic regime, the velocity v x is near zero within the biofilm region and linear in the solvent. There is a fairly sharp transition in the interfacial region. The lack of elasticity leads to non-compliance of the biofilm region from the solvent region. The shear stress in the polymer network exhibits a large fluctuation at the biofilm-solvent interface, which is absent in the viscoelastic regime in small time scales. This behavior in the viscous regime can be justified by the difference of the time scale on which the behavior is observed.
Impermeable Networks.
A more realistic model should perhaps accounts for the fact that an EPS network affects the rate of nutrient and drug diffusion in the biofilm. Indeed, one reason that biofilms are difficult to treat is that it is difficult to get drugs/disinfectants through the EPS network to where it can destroy the bacterial colonies. One possible way to incorporate this is to have the diffusion coefficients be functions of the amount of solvent present:
This is a more generalized diffusion equation, where α, β = 0 is the default model, while α, β 1 would mean a highly inpermeable biofilm layer. To illustrate the profound effect this sort of models can have on the overall dynamics of the biofilm system, the figure below shows what happens in the default case and then a case where the biofilm layer is very inpermeable to the drug, but still allows nutrients into the colony. As the power β increases, the volume fraction for the bacteria reduces sizably shown in Figure 14 . As the diffusivity for the drug reduces, the drug concentration outside the biofilm increases while the one deep inside the biofilm drops drastically.
The model discussed above is a qualitative attempt of adding the impermeability of EPS networks to the model, and the viability of this model of diffusivity (as well as the powers and coefficients involved) must be determined through experimental observation. Hinson et. al. [13] have considered a model of effective biofilm diffusivities inspired by biofilm kinetics which has been fit to experimental data. The effective diffusivity within the biofilm can be related to our phase field model according to the equation:
Here, the parameter D pr is an empirical parameter that must be fit by experimental observation (it is generally much smaller than the diffusion parameter within the solvent). Some quick analysis of the above equation shows that the effective diffusivity goes to the default value of D d when the biofilm concentration is small (φ n , φ b 1), and goes to zero quickly as the biofilm volume fraction increases. Assuming that φ n = 2φ b , and for D pr = .02, we give a table of sample effective diffusivities, and seamlessly integrate this diffusivity model into our multicomponent biofilm model.
Note that as the biofilm volume fraction (φ n + φ b ) increases from 0 percent to 20 percent, the diffusivity within the fluid drops from its default value, to less than 10 percent of the default value. These values are consistent with those found in other studies [13] . A figure of a growing biofilm with this type of effective diffusivity is given in Figure 15 .
Conclusion.
We have developed a hydrodynamical theory for biofilm-bulk fluid mixture by modeling the EPS network, bacteria and the effective solvent (consisting of solvent and all nutrient materials) explicitly. This theory is formulated using the single fluid multicomponent paradigm so that an incompressible average velocity field is prominently identified while the individual velocity for each individual component is given by a combination of the mixing kinetics and the average velocity. Two linear growth modes are identified associated with the growth mechanisms caused by the EPS production and the bacterial growth. Their presence is determined by the model parameters. Numerical investigations of the model for transient dynamics in one dimensional space are carried out. The various concentration dependent diffusivities for the nutrient and the drug are numerically tested demonstrating the profound impact that they have on the internal growth of biofilms Figure 7 . The evolution of the phase variables without the nutrient when N p < N b . The bacteria have less entropic energy than the EPS does. So, they remain within the EPS network in contrast to fig. 6(a,b) . for Λ = 1 × 10 −10 . Since this is a relatively large shear and the relaxation time is tiny compared to the characteristic timescale, the simulation is only run until t = 1 treating the EPS polymer as a viscous fluid. Figure 15 . The drug concentration profile at t = 100 for the Hinson model. The parameters used here are identical to those used in Figure 14 . Notice that this model predicts even more impermeability of the EPS network than the power law models and that the bacterial colony is not degraded as much.
